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Temporal correlations and its connection to coherence
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Time evolution is an indivisible part in any physics theory. It is now known that there are also correlation
in evolutions of quantum systems. In this paper, we generalize the entangled-history theory to arbitrary quan-
tum states and quantum channels. Seeing quantum channels as temporal correlations in quantum mechanics,
we show how to describe this temporal correlation based on our generalization. Besides, we give a physical
explanation of the entanglement of a quantum channel’s Choi matrix and show the relation between temporal
correlation and coherence in quantum mechanics.
I. INTRODUCTION
Correlation is one core of quantum information theory.
Since the famous work of J. S. Bell in 1964 [1], people be-
gan to know the extraordinary of quantum spatial correlations.
On the other hand, the abnormal of temporal correlation is not
known until [2]. But due to the strong action of measurement
in quantum mechanics, these temporal can not reflect the in-
formation of evolution of the original state very well. It is
until recent days, people began to realize that there also exits
correlations in an evolution of a quantum system. To show
this correlation, two-vector formalism [3–5] and entangled-
history theory [6–9] make huge progress. Besides, in [10],
they regard the whole evolution process as the temporal re-
source, using the processmatrix method. In this paper, we em-
brace arbitrary quantum states and quantum channels into the
entangled-history theory. With this generalization, we show
that quantum channels can be seen as the temporal correlation
in quantum mechanics. And we also shows how to measure
the strength of this temporal correlation, which has a close
connection with Choi matrix of quantum channels. Besides,
the strength of this temporal correlation is also correlated with
the decoherence power of quantum channels. This shows that
the strength of this temporal correlation is closed connected
with coherence, which is very different from the relation be-
tween spatial entanglement and coherence.
II. THE ENTANGLED-HISTORY THEORY
In [9], they show that for a system evolves from one instant
t0 to the instant t1, it is possible to record the evolution of a
system by using auxiliary systems. Through this recording,
we can get information of the system’s evolution.
In the entangled-history theory, they prefer to use the signa-
ture ⊙ instead of ⊗ to represent the tensor product structure,
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emphasizing its temporal nature. Now let us a unitary evolu-
tion of a pure state. Suppose that we choose an orthonormal
base {|αi〉}i for the Hilbert spaceH0 and an orthonormal base
{|βj〉}j for the Hilbert space H1, then a unitary operator be-
tween the two instants t0 and t1 can be described by a matrix
(uij)i,j , where
uij = 〈βi|U |αj〉 .
Then if the initial state of the system at the instant t0 is
|φ〉 =
∑
i
ai |αi〉 ,
and it goes under a unitary evolution U to the instant t1. By
[9], this process can be described as
∑
i,j
ujiai |βj〉 ⊙ |αi〉 . (1)
Regard the set {|βj〉 ⊙ |αi〉}i,j as the basic evolution paths
given by orthonormal basis {|αi〉}i and {|βj〉}j of H0 and
H1, we see that it is the initial state of the system and the uni-
tary operator together giving the superposition of these basic
evolution paths. Usually this superposition will make the pure
state entangled and using the monitor systems method in [9],
we can set up corresponding experiments to detect this kind
of entanglement. This is the reason that this theory is called
entangled-history theory. What’s more, from (1), we can see
it is the unitary operator that correlates the system at the two
instants t0 and t1.
III. GENERALIZATION TO COMPLEX CASES
In [9], they show structures of (1) for pure initial states and
unitary evolutions between two instants t0 and t1. For gen-
eralizations of this idea to complex cases, there are two basic
directions. One is to embrace more instants keeping the initial
state pure and evolutions between different instants unitary.
The other way also focuses on the two-instant setting, but al-
lows the initial state arbitrary and the evolution between t0
and t1 being any quantum channel. Then combine these two
2together, we can get a generalization. But the first one is triv-
ial, which resembles the tensor product of n Hilbert spaces.
So in the following, when we refer to generalization, we talk
about the second type.
Suppose we have a system initialized in a state ρ at the in-
stant t0, then it goes through some quantum channel Λ and fi-
nally it arrives at the instant t1. In the above setting, ρ is a den-
sity matrix and Λ is a quantum channel. Now, we show how
to generalize the idea in [9] to describe this process. Firstly,
we fix the orthonormal basis {|αi〉}i and {|βj〉}j for Hilbert
spaces H0 and H1 corresponding to instants t0 and t1, simi-
larly as before. By the Stinespring theorem [11], we can as-
sume that dim(H0) = dim(H1). Then using
Eij = |αi〉 〈αj | , Fkl = |βk〉 〈βl| ,
the initial mixed state ρ is expressed as
ρ =
∑
i,j
ρijEij .
In the unitary case, when we fix orthonormal basis, we can
give a matrix representation of the unitary operator then use
this matrix representation to describe the whole process. Simi-
larly, with {Eij}ij and {Fkl}kl, we can also give a matrix rep-
resentation of a quantum channel, its Choi matrix [12], whose
element is given by
Λkl,ij = 〈Fkl|Λ |Eij〉 = tr(F †klΛ(Eij)).
With these, the above process is given as
ρΛ =
∑
ij, kl
Λkl,ijρijFkl ⊙ Eij . (2)
In particular, when the initial state is pure and the quan-
tum channel is unitary, like the example in the above sec-
tion, our construction (2) will give |φU 〉 〈φU |, where |φU 〉 =∑
i,j ujiai |βj〉 ⊙ |αi〉. So our construction is actually a gen-
eralization of [9].
Next, we show that operators of the form (2) are density
operators. By calculation, we can directly get tr(ρΛ) = 1. To
show its semi-positivity, note that
ρΛ =
∑
ij, kl
Λkl,ijρijFkl ⊙ Eij =
∑
ij
ρijΛ(Eij)⊙ Eij
= SWAP{I ⊙ Λ(
∑
ij
ρijEij ⊙ Eij)}, (3)
where SWAP is the swap gate, a unitary channel. So we
only need to verify the semi-positivity of
∑
ij ρijEij ⊙ Eij .
For any vector |µ〉 = ∑ij µij |αiαj〉 ∈ H0 ⊙ H0, we have
that
〈µ|
∑
ij
ρijEij ⊙ Eij |µ〉 = 〈µ˜| ρ |µ˜〉 ≥ 0,
where |µ˜〉 = ∑i µii |αi〉. So ρΛ is a density operator, for any
initial state and any quantum channel.
Because ρΛ is a density operator on a bipartite system, so
we can measure how entangled or nonlocal it is. But the
physics behind the entanglement of ρΛ is not clear. Note that
there is a big difference between spatial bipartite systems and
temporal bipartite systems. For spatial bipartite systems, we
can construct any global state we like. However, for tempo-
ral bipartite systems, we have to have an initial quantum state
and let it evolves through some quantum channel to a later
instant. It is the quantum channel that connect systems of dif-
ferent instants. In this way, temporal correlations in quantum
mechanics are quantum channels. On the other hand, in terms
of spatial correlations, for bipartite systems, we can classify
them by their nonlocal properties or entanglement properties.
In the following, we show that the entanglement of ρΛ actu-
ally reflects the strength of temporal correlations represented
by the quantum channel Λ. And it is also possible to classify
quantum channels by the strength of their temporal correla-
tions.
In the spatial case, when a quantum channel can map a
product state, a trivial state, into an entangled state or a non-
local state, a nontrivial state, then we say that this quantum
channel is nontrivial. This is quite often in resource theory.
Following this way, if we can find a trivial initial state ρ and
ρΛ is entangled, then we may say that the quantum channel Λ
or its temporal correlation nontrivial. For the initial space H0
with orthonormal basis {|αi〉}i, the most trivial quantum state
is |αi〉 〈αi| , ∀i, because it is pure and has no coherence. How-
ever, if ρ = |αi〉 〈αi|, then no matter what quantum channel
Λ is and what orthonormal basis we choose forH1, the corre-
sponding ρΛ is always separable. So this idea can not work in
the temporal setting. We have to take a different strategy.
From the above analysis, we see that to be able to classify
quantum channels, the initial quantum state must be coher-
ent. And note that unlike the usual way used in entanglement
or resource theory, we can also to describe a quantum chan-
nel by how bad it is. That is, for entanglement, if a quantum
channel can map a maximally entangled state into separable
states, then this quantum channel is bad. Thinking this way
and considering the necessity of initial states, we may choose
|µ〉 = 1√
d
eiθi
∑
i |αi〉 as the initial state, which is the most
nontrivial state in terms of coherence under the orthonormal
basis {|αi〉}. Let ρµ = |µ〉 〈µ|, then by how separable the
state ρµ,Λ is, we may be able to give the strength of tem-
poral correlations represented by a quantum channel Λ and
furthermore classify quantum channels by their temporal cor-
relations.
Take the initial state ρµ into the equation (3), with {|αi〉}i
and {|βj〉}j being orthonormal basis forH0 andH1. Then for
a quantum channel Λ, we have that
ρµ,Λ =
1
d
∑
i,j,k,l
Λkl,ije
i(θi−θj)Fkl ⊙ Eij . (4)
As the swap gate does not change the entanglement of a quan-
tum state. So the separability of ρµ,Λ is the same as the state
3SWAP (ρµ,Λ). However,
SWAP (ρµ,Λ) =
1
d
∑
i,j,k,l
Λkl,ije
i(θi−θj)Eij ⊙ Fkl =
1
d
∑
i,j
Eij ⊙ Λ(Eij) = I ⊙ Λ(1
d
∑
i,j
ei(θi−θj)Eij ⊙ Eij).
(5)
Note that 1
d
∑
i,j e
i(θi−θj)Eij ⊙Eij is a maximally entangled
state on H0 ⊙ H0. So actually, SWAP (ρµ,Λ) is a Choi ma-
trix of the quantum channel. By the above, we see, that the
separability of ρµ,Λ is actually the separability of the Choi
matrix of the quantum channel Λ under the orthonormal basis
{|αi〉}i and {|βj〉}j ofH0 andH1. So this tells us that the en-
tanglement of the bipartite state ρµ,Λ describes the strength of
temporal correlations represented by some quantum channel
Λwith some orthonormal basis ofH0 anH1. As the entangle-
ment of the bipartite state ρµ,Λ is actually the entanglement of
the Choi matrix of this channel, so of course, we can classify
quantum channels by strength of their temporal correlations.
Now, let us see two extreme cases.
Theorem 1 For an initial quantum state ρ, if there ex-
ists a quantum channel Λ, such that the operator ρΛ =∑
ij, kl Λkl,ijρijFkl ⊙ Eij is maximally entangled, then the
quantum channel can be and can only be unitary channels
and the initial state has to be maximally coherent under the
orthonormal basis {|αi〉}i of H0
Proof.
Suppose that ρΛ is maximally entangled. It means that it is
pure and its reductive state is 1
d
I .
To be pure, it is equivalent to
tr(ρ2Λ) =
∑
i,j,k,l
|ρij |2Λkl,ijΛlk,ji =
∑
i,j
|ρij |2(
∑
k,l
|Λkl,ij |2) = 1,
where we use the fact Λlk,ji = tr(F
†
lkΛ(Eji)) =
tr(F †klΛ(Eij)) because Λ is a quantum channel.
On the other hand, because Λ is a quantum channel, so it
has the Kraus operator representation
Λ(M) =
∑
p
ApMA
†
p, ∀M ∈ L(H0) (6)
, and for every i, Λ(Eii) is a quantum state. So we have
tr(Λ(Eii)
†Λ(Eii)) ≤ 1, ∀i.
Now let us define |ai,p〉 = Ap |αi〉. Then by calculation,
we have that for every i,
tr(Λ(Eii)
†Λ(Eii))
= tr{(
∑
p
Ap |αi〉 〈αi|A†p)†(
∑
q
Aq |αi〉 〈αi|A†q)}
=
∑
j
∑
p,q
〈βj |ai,p〉 〈ai,p|ai,q〉 〈ai,q|βj〉
=
∑
j,k
∑
p,q
〈βk|ai,p〉 〈ai,p|ai,q〉 〈ai,q|βj〉 〈βk|βj〉
=
∑
p,q
〈ai,p|ai,q〉 〈ai,p|ai,q〉 =
∑
p,q
| 〈ai,p|ai,q〉 |2 ≤ 1. (7)
In the above calculation, the vector |ai,p〉 is the vector whose
coordinates are conjugate of coordinates of the vector |ai,p〉.
So for every i, j, we have
∑
k,l
|Λkl,ij |2 = tr(Λ(Eij)†Λ(Eij)) =
∑
k
∑
p,q
〈βk|aj,p〉 〈ai,p|ai,q〉 〈aj,q|βk〉 =
∑
p,q
〈ai,p|ai,q〉 〈aj,p|aj,q〉 =
∑
p,q
〈ai,p|ai,q〉 〈aj,p|aj,q〉 ≤ 1.
(8)
The last inequality is based on (7) and the Cauchy-Schwarz
inequality.
With (8), we know that
tr(ρ2Λ) =
∑
i,j
|ρij |2(
∑
k,l
|Λkl,ij |2) ≤
∑
i,j
|ρij |2.
So for ρΛ to be pure, the initial state ρ has to be pure and for
the quantum channel Λ, we have
∑
k,l |Λkl,ij |2 = 1, ∀i, j. In
particular, Λ(Eii) is a pure state, ∀i.
Next, let us consider the second requirement of maximally
entangled states. We should have
trH1(ρΛ) =
1
d
I, trH0(ρΛ) =
1
d
I
. This is equivalent to
∑
k
ρijΛkk,ij = 0, ∀i 6= j,
∑
k
ρiiΛkk,ii =
1
d
, ∀i
∑
i
ρiiΛkl,ii = 0, ∀k 6= l,
∑
i
ρiiΛkk,ii =
1
d
, ∀k. (9)
Note that for every i,
∑
k Λkk,ii = tr(Λ(Eii)) = 1, so from
the above, we must have ρii =
1
d
, ∀i. But we have verified
that the initial state must be pure. So we have that ρ = |α〉 〈α|,
where
|α〉 =
∑
i
1√
d
eiθi |αi〉 .
4With this and (1), we know that
SWAP (ρ˜) =
1
d
∑
i,j,k,l
Λkl,ije
i(θi−θj)Eij ⊙ Fkl
=
1
d
∑
i,j
ei(θi−θj)Eij ⊙ Λ(Eij)
= I ⊙ Λ(1
d
∑
i,j
ei(θi−θj) |αiαi〉 〈αjαj |) (10)
As 1√
d
∑
i e
iθi |αiαi〉 is a maximally entangled state onH0⊙
H0, So from the isomorphism between quantum channels and
their Choi matrices, we know that for a quantum channel Λ,
I⊗Λmaps some maximally entangled state into another max-
imally entangled state , if and only if this quantum channel is
unitary. So above all, we have the following correspondence
ρΛ is maximally entangled ⇔ SWAP (ρΛ) is maximally
entangled ⇒ Λ is unitary and the initial state is maximally
coherent.
For the other direction, we can choose the initial state to be
|α〉 = 1√
d
∑
i |αi〉. Then from (1), we only need to show that
the Choi matrix of unitary channels are proportional to some
maximally entangled state, which can be checked easily by
direct calculation.
The above theorem shows the case when ρµ,Λ is the least
separable, that is it is maximally entangled. And also it shows
the necessity of using maximally coherent states as the initial
state.
The other extreme is when ρµ,Λ is the most separable or
classical, that is the matrix representation of ρµ,Λ is a diagonal
matrix under orthonormal basis {|αi〉}i and {βj}j . Then we
have
ρµ,Λ =
1
d
∑
i,j,k,l
Λkl,ije
i(θi−θj)Fkl⊙Eij =
∑
i,k
λk,iFkk⊙Eii.
So in this case, we have Λ(Eij) = 0 and Λ(Eii) is a diagonal
matrix for every i. This just says that the quantum channelΛ is
a coherence destroying map [13], which is the most classical
channel considering coherence.
From these two extreme cases, under the choice of or-
thonormal basis for H0 and H1, for an arbitrary quantum
channel, its temporal correlation is between the above two
cases. And taking {|βj〉⊙|αi〉}i,j as the basic evolution paths,
based on the above analysis, physically, the initial state be-
ing maximally coherent gives us the strongest coherence in
terms of {|αi〉}i. Because unitary evolution keeps all infor-
mation in quantum systems, so it also preserves coherence of
the initial system, in other words, their power of decoherence
is the weakest, so it makes ρµ,Λ the best superposition of ba-
sic evolution paths, which is maximally entangled. On the
other hand, for coherence destroying maps, they destroy all
ingredients of coherence , in other words, their power of de-
coherence is the strongest, so in this case, although the initial
state is still maximally entangled, the evolution destroys all
and makes ρµ,Λ most classical. For arbitrary quantum chan-
nels, their decoherence power is between the above two, so
their ρµ,Λ is in the middle.
Our analysis shows that there exists a close relation be-
tween decoherence of quantum channels and the strength
of quantum channels’ temporal correlations, which connects
temporal correlation with coherence. Although, for spatial bi-
partite systems, the entanglement also relies on coherence, we
have to classify coherence which is helpful for entanglement
and which has no connection with entanglement to show this
reliance.
IV. CONCLUSION
Superposition and linearity are the most important and fun-
damental features of quantum mechanics. From these two
traits, people get a set of no-go theorems , such as the No-
cloning theorem [14], the No-deleting theorem [15]. These
make quantum mechanics depart quite far from the classic
world. But usually, we refer superposition to quantum states
at some fixed instant and linearity to the evolution way of
quantum systems. In the entangled-history theory, they are
combined together and through this combination we see the
superposition of evolution paths of quantum systems and can
get a better understanding of temporal correlations. In this
paper, we generalize the entangled-history theory to embrace
arbitrary quantum states and quantum channels. Using this
generalization, we propose a method to describe the tempo-
ral correlation given by a quantum channel, which has a close
connection with the Choi matrix of quantum channels. Be-
sides, we also shows that the strength of temporal correlation
given by some quantum channel is closely connected with the
decoherence power of this channel.
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